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COHOMOLOGY OF DEFORMATIONS
URI BADER AND PIOTR W. NOWAK
ABSTRACT. In this article we study cohomology of a group with coefficients
in representations on Banach spaces and its stability under deformations.
We show that small, metric deformations of the representation preserve
vanishing of cohomology. As applications we obtain deformation theorems
for fixed point properties on Banach spaces. In particular, our results yield
fixed point theorems for affine actions in which the linear part is not uni-
formly bounded. Our proofs are effective and allow for quantitative esti-
mates.
Cohomology with coefficients in representations on Banach spaces is a
broad topic, encompassing important notions like fixed point properties and
Kazhdan’s property (T), amenability, a-T-menability or the Haagerup prop-
erty, and their generalizations, as well as ℓp-cohomology. The main theme
in this paper is how does cohomology of a group with coefficients in a rep-
resentation on a Banach space change under small, metric perturbations of
that representation. Let Γ be a group generated by a finite set S. Given a
representation of Γ on a Banach space E and ε> 0, a representation ρ of Γ on
the same Banach space E is said to be an ε-deformation of π if
sup
s∈S
‖πs−ρs‖B(E) ≤ ε.
We are interested in the stability of the behavior of cohomology groups under
such deformations of representations. In degree 1, π-cocycles correspond to
affine actions with linear part π and in this case the question we are inter-
ested in is whether for an ε-deformation ρ of π as above, properties of the
affine π-actions influence the properties of affine ρ-actions. The main result
we prove is a deformation principle for vanishing of cohomology with coeffi-
cients in Banach modules.
Theorem 1. Let Γ be a group of type Fn+1, n ≥ 1, with a corresponding
Eilenberg-MacLane space X and let π be a representation of Γ on a Banach
space E. Assume that
(1) Hn(Γ,π)= 0,
(2) Hn+1(Γ,π) is reduced.
Then there exists a constant ε= ε(Γ,X ,π,n)> 0, such that for every ε-deformation
ρ of π we have
Hn(Γ,ρ)= 0.
The first author was partially supported by the European Research Council. The second
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Additionally, the n-th Kazhdan constant can be estimated explicitly.
Theorem 1 will follow from a more general version in which we consider
the Lp-cohomology with coefficients twisted by π for 1≤ p <∞.
Theorem 2 (Theorem 1′). Let Γ be a group acting on a uniformly locally finite
simplicial complex X, π be a representation of Γ on a Banach space E and let
1≤ p <∞. Assume that
(1) LpH
n(X ,Γ,π)= 0,
(2) LpH
n+1(X ,Γ,π) is reduced.
Then there exists a constant ε= ε(Γ,X ,π,n, p)> 0, such that for every ε-deformation
ρ of π we have
LpH
n(X ,Γ,ρ)= 0.
Note that we do not assume any uniform boundedness of either represen-
tation. However, even if π is an isometric representation, an ε-deformation
ρ does not have to be uniformly bounded - all that matters is the distance
between the generators. Natural examples of such transformations can be
obtained by twisting a given representation by an appropriately chosen cocy-
cle. We discuss such examples in Section 1.
In 4.4 we also discuss an example showing that the second assumption
that the cohomology group Hn+1(Γ,π) is reduced cannot be dropped. As a by-
product of our methods we also obtain a deformation principle for cocycles: if
ρ is an ε-deformation of π for a sufficiently small ε> 0, then the cocycles for
ρ lie close, in an appropriate sense, to cocycles for π, provided that Hn+1(Γ,π)
(or LpH
n+1(Γ,π)) is reduced. See Theorem 26 in the text for the precise for-
mulation.
There are many instances in which the condition thatHn+1(Γ,π) is reduced
is satisfied. One example is when the representation π is finite-dimensional,
then automatically, Hn+1(Γ,π) is reduced. This is clear in the case when Γ is
of type Fn+1, see also [1] for the general case. Another natural case is when
Hn+1 vanishes. Examples of vanishing theorems for higher-dimensional co-
homology with coefficients in unitary representations can be found in [6, 9]
and include “vanishing up to the rank” phenomena and vanishing for au-
tomorphism groups of thick buildings. Interestingly, the class of groups for
which the assumptions of Theorem 1 are always satisfied is related to higher-
dimensional analogs of Kazhdan’s property (T). We discuss this phenomenon
in Section 5.1.
The higher Kazhdan constants, mentioned in the above theorems, are de-
fined in section 2.3. They are higher dimensional analogs of the usual Kazh-
dan constant for groups with property (T). We define the n-th Kazhdan con-
stant in the setting of cohomology, under the assumption that the cohomology
in degree n+1 is reduced.
The main application and the original motivation for Theorem 1 are fixed
point properties for actions of discrete groups on Banach spaces. In degree
1, the vanishing of cohomology of Γ with coefficients in a representation π
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translates to a fixed point property for affine actions of Γ with linear part π.
A classical example is Kazhdan’s property (T), which for a group Γ was char-
acterized by Delorme and Guichardet by vanishing of cohomology in degree
1 with coefficients in every unitary representation of Γ, see [5]. Vanishing
of cohomology with coefficients in representations on more general Banach
spaces was studied and discussed in, e.g. [2,3,11,16,18,19]. Thus in degree 1
Theorem 1 yields a deformation result for actions with fixed points for finitely
presented groups.
Theorem 3. Let Γ be finitely presented with a finite generating set S. Let
H2(Γ,π) be reduced and assume that every affine action of Γ with linear part
π has a fixed point. Then there exists ε = ε(Γ,S,π) > 0 such that if ρ is an ε-
deformation of π then every affine action with linear part ρ has a fixed point.
Here, similarly as before, we can replace finite presentability by merely
finite generation if we assume that LpH
2(Γ,π) is reduced, instead of H2(Γ,π).
Since Kazhdan’s property (T) is characterized by the existence of a fixed point
for every affine isometric action, we obtain the following
Theorem 4. Let Γ be finitely presented with a finite generating set S. If Γ
has property (T) then for every unitary representation π such that H2(Γ,π) is
reduced there exists ε= ε(Γ,S,π)> 0 such that for every ε-deformation ρ of π,
every affine isometric action with linear part ρ has a fixed point.
If H2(Γ,π) is reduced for every unitary representation π then the ε above
can be chosen independently of π.
Theorem 4 applies to automorphism groups of thick buildings, which ex-
hibit vanishing of higher cohomology with coefficients in any unitary repre-
sentation under appropriate link conditions [4,9,17].
The above corollaries of Theorem 1 can be compared with the results of
Fisher and Margulis [11]. A map ϕ : X → X of a metric space X is an ε-
isometry if it satisfies the bi-Lipschitz condition
(1−ε)‖v−w‖ ≤ ‖ϕ(x)−ϕ(y)‖≤ (1+ε)‖v−w‖.
Theorem 1.6 in [11] states that for a locally compact, σ-compact group Γ with
property (T) and compact generating set K , there exists ε> 0, depending on Γ
and K only, such that for any continuous action of Γ on a Hilbert space, where
K acts by ε-almost isometries, there exists a fixed point.
Note that for a finitely generated group, if a representation ρ is an ε-
deformation of a unitary representation, then the generating set acts by ε-
isometries. Thus our theorem in this case gives a statement similar to the
one proved by Fisher and Margulis. However, our methods have several ad-
vantages. First, the proof in [11] is indirect and does not give any insight into
the value of ε for which the theorem holds. Our Theorem 1 not only extends
this type of phenomena to higher cohomology, but also gives explicit estimates
of the ε in terms of higher Kazhdan constants. Indeed, our arguments are ef-
fective and the behavior of various constants can be traced throughout the
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proofs. Second, the argument used in [11] is not available in the same gener-
ality as Theorem 1. Indeed, the argument in [11] is based on an ultrapower
construction and relies on the fact that the ultrapower of a Hilbert space is
again a Hilbert space. A similar fact for Lp-spaces was proved by Heinrich
and Mankiewicz [13], however for general Banach spaces such methods are
not available.
An important feature of Theorem 1 is that we obtain information about
higher cohomology groups. In particular, we can deform the top dimensional
cohomology of a group of geometric dimension n. Then we can conclude that
deformations in dimension n preserve the vanishing of cohomology.
Corollary 5. Let Γ be a group of geometric dimension n and a corresponding
Eilenberg-MacLane space X. If Hn(Γ,π)= 0 then there exists ε= ε(Γ,X ,π)> 0
such that
Hn(Γ,ρ)= 0
for any ε-deformation ρ of π.
Another situation, mentioned earlier, in which Hn+1(Γ,π) is automatically
reduced is when Γ is of type Fn+1 and π is finite-dimensional. In that case we
obtain the following
Corollary 6. Let Γ be of type Fn+1 with a corresponding Eilenberg-MacLane
space X and let π be a finite-dimensional representation of Γ. If Hn(Γ,π)= 0
then there exists ε= ε(Γ,X ,π)> 0 such that
Hn(Γ,ρ)= 0
for every ε-deformation ρ of π.
The last application that we derive is the following criterion for non-vanishing
of cohomology.
Corollary 7. Let Γ be of type Fn+1 and let π be a representation such that
Hn(Γ,π)= 0 and there exists a family πi of deformations converging to π such
that Hn(Γ,ρ i) 6= 0. Then Hn+1(Γ,π) 6= 0.
We stress that all the arguments are effective and quantitative, and it
is possible to estimate all the constants. We do not to compute the exact
estimates and instead we indicate what do they depend on.
Acknowledgements. We would like to thank Roman Sauer and Shmuel
Weinberger for helpful comments. We are also grateful to Narutaka Ozawa
for bringing [8] to our attention.
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1. DEFORMATIONS OF REPRESENTATIONS
1.1. The space Hom(Γ,Binv(E)). Consider a finitely generated group Γ with
a fixed finite generating set S = S−1. Let E be a Banach space and denote by
Binv(E) the set of linear self-isomorphisms of E, equipped with the operator
norm.
Given a subset W ⊆ Binv(E) by Hom(Γ,W) we will denote the space of ho-
momorphisms ϕ : Γ→W (depending on W it can happen that Hom(Γ,W) is
empty). We equip Hom(Γ,W) with the metric
dS(π,ρ)= sup
s∈S
‖π(s)−ρ(s)‖,
and the corresponding uniform topology.
In particular, if Iso(E) denotes the group of isometries of a Banach space
E, the space Hom(Γ, Iso(E)) is the space of isometric representations of Γ on
E.
1.2. Deformations.
Definition 8. Let Γ be a group generated by a finite set S. Given a represen-
tation π of Γ on a Banach space E and ε > 0, a representation ρ of Γ on E is
said to be an ε-deformation of π if
dS(π,ρ)≤ ε.
The most basic example of a deformation can be obtained by defining
ργ = TπγT−1,
where T is an isomorphism of the Banach space on which π is defined, with
‖I −T‖ ≤ ε appropriately small. However, in this case T also induces an
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isomorphism of cohomology groups H∗(Γ,π) and H∗(Γ,ρ). Thus Theorem 1
for such deformations is trivially true and they are not interesting for us.
In the case Γ= Fn it is particularly easy to construct deformations. Indeed,
if S is the free generating set then any map S→ Binv(H) extends to a rep-
resentation of Fn. Any two such maps that are within dS distance ε, define
representations which are deformations of each other.
Given a group Γ with a H and an appropriate representation of H one can
construct the induced representation of Γ. Using this idea in [8, Section 4]
the authors constructed a family of pairwise non-equivalent deformations of
the regular representation of any group with a free subgroup.
Natural examples of nontrivial deformations for other groups can also be
obtained by twisting a representation by an appropriately chosen non-trivial
cocycle, which is small in norm on the generators. Below we give examples of
such deformations.
Example 9. Let Γ act on measure space (Ω,µ), with measure µ finite, by
measure class preserving transformations. The action of Γ induces a unitary
representation π on L2(Ω,µ),
πg f = (g · f )
(
dgµ
dµ
)1/2
.
If the action of Γ does not preserve the measure then
ρg f = (g · f )
(
dgµ
dµ
)α
,
where α∈ (0,∞), defines a family of deformations of π.
Example 10. Let π,π′ be representations on a Banach space E and consider
the collection of operators
Tg =
(
πg Dg
0 π′g
)
,
on E⊕E. It is easy to check that the Tg form a representation of Γ if and
only if D is a derivation D : Γ→ B(E), where B(E) is considered to be a Γ-
bimodule by composing with π on the left and π′ on the right; that is, D
satisfies D(gh)= πgD(h)+D(g)π′h. Given such a derivation D : Γ→ B(E) we
define
ρ(α)g =
(
πg αDg
0 π′g
)
,
where α ∈ [0,∞). It is easy to see that this gives a family of deformations of
the representation
ρ(0)g =
(
πg 0
0 π′g
)
.
A representation π on a Hilbert space E is unitarizable if it is similar to a
unitary representation. An obvious necessary condition for a representation
to be unitarizable is that supγ∈Γ ‖πγ‖ < ∞. Note that the deformations of
unitary representation discussed in Examples 9 and 10 do not have to be
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uniformly bounded. In the case of Example 10 it is known (see [20]) that ρ(α)
is unitarizable if and only if the derivation D is inner; that is, there exists
T ∈B(H) such that Dγ =πγT−Tπ′γ for every γ ∈Γ.
2. COHOMOLOGY
The general reference on cohomology of groups is [7]. Let Γ act on X , which
is a uniformly locally finite simplicial complex, by simplicial automorphisms.
In X there is a fundamental domain F ⊆ X , which we assume to be a subcom-
plex.
2.1. Finiteness conditions. Recall that a group Γ is said to be of type Fn
if it admits an Eilenberg-Maclane space BΓ which is a simplicial complex
with a finite n-skeleton. Γ is said to be of type F∞ if it is of type Fn for
every n ≥ 1. See [7, 12] for a discussion. Such finiteness properties will be
important in our considerations. The condition F1 is equivalent to the group
Γ being finitely generated, while F2 holds if and only if the group Γ is finitely
presented. Examples of groups satisfying such finiteness conditions include
e.g. hyperbolic groups, combable groups, Thompson groups, SLn(Z).
In the case when the group Γ is of type Fn, we can choose X to be con-
tractible with the fundamental domain F above having finite skeletons F (k)
for k= 0,1, . . .,n, and with Γ acting by simplicial automorphisms. Let
S =
{
g ∈Γ : F∩ g ·F 6= ;
}
⊆Γ.
Under the condition F1 we have that S is finite and S generates Γ. Our con-
vention is that whenever we are considering a group Γ of type Fn, then there
is a chosen Eilenberg-MacLane space X of Γ witnessing this requirement;
i.e., X is a simplicial complex with a finite n-skeleton.
2.2. Cohomology with coefficients in a representation. Let X be a lo-
cally finite simplicial complex with a simplicial, free action of Γ and let F ⊂ X
be a fundamental domain. Let π be a representation of Γ on a Banach space
E. For a simplex σ ∈ X we denote by γσ ∈ Γ the unique element γ ∈ Γ such
that γσ ·σ ∈ F. As usual, let X (n) denote the n-skeleton of a complex X ; that
is, the collection of all n-simplices of X .
For 1≤ p <∞ the space of p-integrable (untwisted) cochains is the space
Cn(p)(X ,Γ,E)=
{
f : X (n)→E : f alternating, f (σ)= f (γσ ·σ),
∑
σ∈F (n)
‖ f (σ)‖p
E
<∞
}
.
For a simplex σ = (v0, . . . ,vk) denote σi = (v0, . . . , vˆi, . . . ,vk). The codifferential
is the map dnπ :C
n
(p)
(X ,Γ,E)→Cn+1
(p)
(X ,Γ,E) given by the formula
dnπ f (σ)=
n∑
i=0
(−1)iπg−1σ πgσi f (σi).
If Γ is of type Fk the space of cochains, C
n
(p)
(X ,Γ,E), admits a Banach space
structure for every n ≤ k. Indeed, the n-cochains Cn
(p)
(X ,Γ,E) can be viewed
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as a subspace of the direct sum over the simplices of F (n), with a natural
Banach space structure via the norm
‖ f ‖p =
( ∑
σ∈F (n)
‖ f (σ)‖p
E
)1/p
.
The dual space (Cn
(p)
(X ,Γ,E))∗ is then isometrically isometric with a quotient
Cn
(q)
(X ,Γ,E∗) of this direct sum, equipped with the norm ‖ · ‖q, where p−1+
q−1 = 1.
The codiferrentials are bounded linear operators for every 1≤ p <∞ with
respect to the above norms, see e.g., [4,14].
The Lp-cohomology groups of X with coefficients twisted by π are defined
as the cohomology of the above cochain complex:
LpH
n(X ,Γ,π)=kerdnπ
/
imdn−1π .
We can also consider the reduced cohomology,
LpH
n
(X ,Γ,π)= kerdnπ
/
imdn−1π ,
where imdn−1π denotes the norm closure of the image of dn−1π . We say that
LpH
n(X ,Γ,π) is reduced if LpH
n
(X ,Γ,π)= LpHn(X ,Γ,π).
Remark 11. The above definition of Lp-cohomology with coefficients in the
Γ-module (E,π) agrees with the one considered earlier in [4,14]. Usually one
considers twisted cochains Cn(X ,π), satisfying f (γ ·σ) = π(g) f (σ) with the
standard differential, dn f (σ)=∑n
i=0(−1)i f (σi). We then define the “untwist-
ing map” ϕn :Cn(X ,Γ,π)→Cn(X ,Γ,E) by
ϕn( f )(σ)=π(g−1σ ) f (σ)= f (g−1σ ·σ).
One can then check, that
dnπ ◦ϕn+1 =ϕn ◦dn−1.
Remark 12. In the case when X is uniformly locally finite we can also con-
sider the ℓ∞-cochains,
Cn(∞)(X ,Γ,E)=
{
f : X (n)→E : f alternating, f (σ)= f (γσ ·σ), sup
σ∈X (n)
‖ f (σ)‖E <∞
}
.
Under the assumption of uniform local finiteness of X we have that the cod-
ifferential is a bounded linear operator.
In the case when X is contractible and the action of Γ on X is cocompact,
LpH
n(X ,Γ,π)=Hn(Γ,π),
is the group cohomology of Γ with coefficients in the Γ-module (E,π).
We have the following interpretation of the vanishing of LpH
n(X ,Γ,π).
The fact that LpH
n(X ,Γ,π)= 0 is, by definition, the surjectivity of the codif-
ferential
dn−1π :C
n−1
(p) (X ,Γ,E)→ kerdnπ.
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Consider the adjoint map(
dn−1π
)∗
:
(
kerdnπ
)∗→Cn−1(p) (X ,Γ,E).
Standard duality arguments yield the following
Proposition 13. Let Γ be a group acting on a uniformly locally finite simpli-
cial complex X and let π be a representation of Γ on a Banach space E. The
following conditions are equivalent.
(1) LpH
n(X ,Γ,π)= 0,
(2) There exists a constant C > 0 such that
‖(dn−1π )∗ϕ‖≥C‖ϕ‖
for every ϕ ∈ (kerdnπ)∗.
The above proposition will be one of our main tools in the proof of Theorem
1. A similar strategy was used in [18].
2.3. Higher Kazhdan constants. Recall that for a group Γ, generated by a
finite set S, the Kazhdan constant is the number
K (Γ,S)= inf
{
sup
s∈S
‖πsv−v‖
‖v‖ : π unitary, with no non-zero invariant vectors
}
.
A group Γ has Kazhdan’s property (T) if and only if K (Γ,S)> 0. We will define
a higher Kazhdan-type constant in the context of cohomology.
Definition 14. Let Γ be a group acting on a uniformly locally finite simplicial
complex X and let π be a representation of Γ on a Banach space E. If the
cohomology LpH
n+1(X ,Γ,π) is reduced then the number
κn(Γ,X , p,π)= inf
{ ‖dnπ f ‖
infv∈kerdnπ ‖ f +v‖
: f ∉ kerdnπ
}
,
will be called the nth-Kazhdan constant of the triple (Γ,X ,π).
Another way to define the constant κn(Γ,X , p,π) is as follows. Since the
image of dnπ is closed in C
n+1
(p)
(X ,Γ,E), the map dnπ descends to an isomorphism
d˜nπ between C
n
(p)
(X ,Γ,E)/kerdnπ and imd
n
π ⊆Cn+1(p) (X ,Γ,E).
Cn(p)(X ,Γ,E)
dnπ ✲ kerdn+1π
Cn(p)(X ,Γ,E)/kerd
n
π
❄❄
✲
d˜nπ
✲
Cn+1(p) (X ,Γ,E).
❄
∩
The constant κn(Γ,X , p,π) is then the supremum of those constants D > 0
that satisfy
‖d˜nπv‖≥D‖v‖,
for every v ∈Cn
(p)
(X ,Γ,E)/kerdnπ.
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Let now P be any family of representations of Γ on a Banach spaces that
is closed under taking infinite direct sums. For instance, unitary represen-
tations, or more generally, uniformly bounded representations on a Hilbert
space, whose norms are all bounded by a uniform constant, form such fami-
lies. On the other hand, finite-dimensional representations do not form such
a family.
Proposition 15. Let Γ act on a uniformly locally finite simplicial complex
X. Let n ≥ 1 and let P be as above. If LpHn(X ,Γ,π) is reduced for every
representation π ∈P then the n-th Kazhdan constant of P
κn(Γ,X , p,P )= inf {κ(Γ,X , p,π) : π ∈P }> 0.
Proof. From the condition LpH
n(X ,Γ,π) is reduced we have κ(Γ,X , p,π)> 0
for every π ∈P . Assume the contrary and let πn be a sequence of represen-
tations in P , such that κ(Γ,X , p,πn)→ 0. Let π=⊕n∈Nπn be a representation
on
⊕
n∈NH . By the assumption on P , π ∈P . Then
κn(Γ,X , p,P )≤κn(Γ,X , p,πn),
for every n ∈N. 
For instance, if P is the class of unitary representations of a finitely pre-
sented Γ, then κ0(Γ,X ,∞,P ) is essentially the Kazhdan constant of Γ (for the
generating set determined by the action of Γ on X ). If P is the class of unitary
representations factoring through finite quotients then κn(Γ,X ,∞,P ) > 0 if
and only if Γ has property (τ) [15].
3. GEOMETRY OF SUBSPACES AND QUOTIENTS
In order to analyze the cohomology with coefficient in a deformation we
will need to look closely at the geometry of the spaces of cocycles and discuss
a general setting for comparing norm bounds on operators on such spaces.
The following notion of close subspaces was studied in [9] and used later in
[10] in the context of Hilbert spaces. Below we will consider this notion for
subspaces of Banach spaces.
Definition 16. Let E be a Banach space and V, W be two subspaces of E. Let
ε> 0. We say that V is ε-close to W if for every v ∈ V there exists w ∈W such
that
‖v−w‖≤ ε‖v‖.
We will not, in general, assume that V and W are closed. If E = H is a
Hilbert space then, if the subspaceW is closed in H , in the above definition
we can replace w by PWv, where PW : H →W is the orthogonal projection
onto W. In general, w can be taken to be the (non-linear) nearest point pro-
jection.
Lemma 17. Let V and W be two closed subspaces of a Hilbert space H .
(1) If V is ε-close to W then ‖PWv‖≥ (1−ε)‖v‖ for every v ∈V;
(2) if ‖PWv‖≥ c‖v‖ for every v ∈V then V is
p
1− c-close to W.
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Proof. The first claim follows after applying the triangle inequality
‖v‖−‖PWv‖≤ ‖v−PWv‖≤ ε‖v‖.
The second inequality is a consequence of the estimate
‖v−PWv‖2 = ‖v‖2−‖PWv‖2 ≤ (1− c)‖v‖2.

In the case of closed subspaces of Hilbert spaces a more detailed discussion
on the ε-closeness and a related notion of ε-orthogonality can be found in [10].
The following lemmas describe the behavior of bounded linear operators
on close subspaces.
Lemma 18. Assume that V ,W are subspaces of a Banach space E. If V is
ε-close to W then
(1) if W ⊆Y then V is ε-close to Y ; in particular, V is ε-close to W;
(2) V is ε′-close to W for every ε′ > ε.
Proof. This is obvious. 
Lemma 19. Let E, E′ be Banach spaces and V ⊆ E be a subspace. Let T,S :
E→ E′ be linear bounded operators such that ‖T−S‖ ≤ ε. If ‖Tv‖≥C‖v‖ for
every v ∈V then
‖Sv‖≥ (C−ε)‖v‖
for every v ∈V.
Proof. We have
‖Sv‖ = ‖Sv−Tv+Tv‖
≥ ‖Tv‖−‖(T−S)v‖
≥ C‖v‖−ε‖v‖.

Lemma 20. Let E, E′ be Banach spaces, V ,W be closed subspaces of E. Let
T :E→ E′ be a bounded linear operator. If ‖Tw‖ ≥C‖w‖ for every w ∈W and
V is ε-close to W then
‖Tv‖≥ (C−ε−ε‖T‖)‖v‖,
for every v ∈V.
Proof. Let v ∈V and let w ∈W be such that ‖v−w‖≤ ε‖v‖. Then
‖Tv‖ = ‖Tv−Tw+Tw‖
≥ ‖Tw‖−‖T(v−w)‖
≥ C‖w‖−ε‖T‖‖v‖
≥ C‖w−v+v‖−ε‖T‖‖v‖
≥ C(‖v‖−‖v−w‖)−ε‖T‖‖v‖
≥ (C−ε−ε‖T‖)‖v‖.

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Lemma 21. Let S,T : E→ E′ be bounded linear operators between Banach
spaces E and E′. Let ‖T −S‖ ≤ ε and assume that S has closed range. Then
there exists a constant δ= δ(ε,S), such that imS is δ-close to imT in E′.
Proof. Let w=Sy ∈ imS. Since S has closed image, there is a C > 0 such that
for every Sy there is x ∈E satisfying
Sy=Sx
and
‖Sx‖≥C‖x‖.
Consider Tx. Then
‖Sx−Tx‖≤ ‖S−T‖ ‖x‖≤ εC−1‖Sx‖

Lemma 22. Let S,T : E→ E′ be bounded linear operators between Banach
spaces E and E′. Let ‖T −S‖ ≤ ε and assume that S has closed range. Then
there exists a constant δ= δ(ε,S), such that kerT is δ-close to kerS.
Proof. Consider x ∈ kerT. Then
‖Sx‖= ‖Sx−Tx‖≤ ε‖x‖.
Let y ∈ be a vector satisfying
d(0,kerS+ x)= inf
v∈kerS
‖x+v‖= ‖y‖.
We have
K‖y‖≤ ‖Sy‖,
for some K > 0, independent of x. Then
x− y ∈ kerS,
and
‖x− (x− y)‖ = ‖y‖≤K−1‖Sy‖ =K−1‖Sx‖≤K−1ε‖x‖.

We will also be interested in comparing operators on quotients spaces of a
Banach spaces. The following lemma will be crucial in this context.
Proposition 23. Let V ,W ⊆E be closed subspaces of a Banach space E, where
V is ε-close to W. Let w′ be such that ‖w′‖E ≤ ‖w′+w‖E for any w ∈W and
consider the affine subspace V +w′. Let v′ be such that
‖v′‖≤ ‖v′+v‖
for all v ∈V and
v′−w′ ∈V .
Then
‖v′‖ ≥ (1−2ε)‖w′‖.
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Proof. In general we have
(1) ‖v′−w′‖ ≤ ‖v′‖+‖w′‖≤ 2‖w′‖,
since by definition, ‖v′‖≤ ‖w′‖.
Now assume that there is some v′ as above such that
‖v′‖ < (1−2ε)‖w′‖.
Since V is ε-close toW, there exists w ∈W such that
‖(v′−w′)−w‖ = ‖v′− (w′+w)‖≤ ε‖v′−w′‖.
We have
‖w′‖ ≤ ‖w+w′‖
≤ ‖w+w′−v′‖+‖v′‖
< ε‖v′−w′‖+ (1−2ε)‖w′‖
From this it follows that
‖w′‖+ (2ε−1)‖w′‖< ε‖v′−w′‖,
so
2‖w′‖ < ‖v′−w′‖.
However, by (1),
2‖w′‖< ‖v′−w′‖≤ 2‖w′‖,
which gives a contradiction. 
For a subspace V ⊆ X and x ∈ X denote by [x]V the affine subspace V + x.
The following statement gives a quantitative way of comparing operators on
certain quotient spaces of Banach spaces.
Proposition 24. Let V ,W ⊆ E be two closed subspaces of a Banach space E.
Assume that V is ε-close to W. Let T :E/V →E′ and S :E/W→E′ be bounded
linear operators, and let T˜, S˜ : E → E′ denote their lifts to E. Assume that
‖T˜− S˜‖ ≤ δ. If T is bounded below by C then S is bounded below by
C(1−2ε)−δ.
Proof. Let
S([x]W )= S˜w′,
where w′ minimizes the distance to [x]W . Then
‖S˜w′‖ ≥ ‖T˜w′‖−‖S˜w′− T˜w′‖
≥ C‖v′‖E−δ‖w′‖E,
where w′−v′ ∈V and v′ minimizes the distance to [w′]V .
Now, by the fact that V is ε-close toW and by the previous lemma we get
‖S˜w′‖ ≥ C(1−2ε)‖w′‖E −δ‖w′‖E,
which means
‖S[w′]‖≥ (C(1−2ε)−δ)‖[w′]‖X /W .
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
4. COHOMOLOGY OF DEFORMATIONS
We will now use the notion of close subspaces to study subspaces of Banach
spaces related to cohomology. For a (k−1)-simplex τ denote by indk(τ) the
number of k-simplices σ such that τ⊂σ.
Lemma 25. Let π be a representation of a finitely generated group Γ on a
Banach space E. Let ρ be an ε-deformation of π. Then
‖dnπ−dnρ‖≤C(Γ,X ,π, p,ε,n),
as operators Cn
(p)
(X ,Γ,E)→ Cn+1
(p)
(X ,Γ,E), where C(Γ,X ,π, p,ε,n)→ 0 as ε→
0.
Proof. Let f ∈Cn
(p)
(X ,E).
‖dnπ f −dnρ f ‖p =
∑
σ∈F (n)
∥∥∥∥∥ n∑
i=0
(−1)iπ−1γ(σ)πγ(σi ) f (σi)−
n∑
i=0
(−1)iρ−1γ(σ)ργ(σi ) f (σi)
∥∥∥∥∥
p
≤ C′
∑
σ∈F (n)
(∥∥∥∥∥ n∑
i=0
(−1)i
(
π−1γ(σ)−ρ−1γ(σ)
)
πγ(σi ) f (σi)
∥∥∥∥∥
p
+
∥∥∥∥∥ n∑
i=0
(−1)i
(
ρ−1γ(σ)πγ(σi )−ρ−1γ(σ)ργ(σi )
)
f (σi)
∥∥∥∥∥
p)
≤ C′
∑
σ∈F (n)
∥∥πγ(σ)−1 −ργ(σ)−1∥∥p
∥∥∥∥∥ n∑
i=0
(−1)iπγ(σi ) f (σi)
∥∥∥∥∥
p
+
∥∥∥ρ−1γ(σ)∥∥∥p
∥∥∥∥∥ n∑
i=0
(−1)i
(
πγ(σi )−ργ(σi )
)
f (σi)
∥∥∥∥∥
p
,
where C′ depends on n, π and p. We then have∑
σ∈F (n)
∥∥∥∥∥ n∑
i=0
(−1)i
(
πγ(σi )−ργ(σi )
)
f (σi)
∥∥∥∥∥
p
≤ C′′
∑
σ∈F (n)
n∑
i=0
∥∥(πγ(σi )−ργ(σi )) f (σi)∥∥p
≤ C′′n
(
sup
σ∈F (n)
∥∥πγ(σi )−ργ(σi ))∥∥p)
(∑
σi
‖ f (σi)‖p
)
≤ C′′n
(
sup
τ(n-1) -simplex
indk(τ)
)
ε‖ f ‖p.
Altogether, we obtain
‖dnπ f −dnρ f ‖ ≤
(
sup
τ(n-1) -simplex
indk(τ)
)
ε‖ f ‖+ε
(
sup
σ∈F (n)
‖ργ(σ)‖
)
‖ f ‖
≤ ‖ f ‖ C(Γ,X ,π,n,ε, p),
since
‖ργ‖≤ ‖πγ‖+ε.
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
4.1. Deformations of cocycles. An important point that we would like to
make is that the fact that the cohomology group Hn+1(Γ,π) is reduced to-
gether with the finiteness condition Fn+1, allows to deform n-cocycles of a
deformation ρ of π to cocycles for π.
Theorem 26. Let Γ be of type Fn+1 with a corresponding Eilenberg-MacLane
space X and let π be a representation of Γ on E. Let ε > 0 and let ρ be an
ε-deformation of π. If the following two conditions hold:
(1) Hn(Γ,π)= 0,
(2) Hn+1(Γ,π) is reduced,
then there exists a constant C = C(Γ,X ,n,π,ε), such that kerdnπ is C-close to
kerdnρ .
Proof. We apply Lemmas 22 and 25 to dnπ and d
n
ρ . The constant K appearing
in the proof of lemma 22 in this setting is the n-Kazhdan constant κn(Γ,X , p,π).
Therefore kerdnρ is C-close to kerd
n
π, for an appropriate choice of the constant
C. 
In the case n = 1 the above deformation theorem for cocycles has the fol-
lowing geometric interpretation. Given π with H2(Γ,π) reduced, any affine
action with linear part π is close on the generators to an affine isometric ac-
tion with linear part ρ.
For instance, in the case of the free group Fn the above principle applies
to any deformation since free groups have cohomological dimension 1 and
cohomology with any coefficients vanishes in degrees 2 and higher.
4.2. Proof of the main theorem. We are now in the position to prove the
main result of the paper.
Theorem 27 (Theorem 1′ in the introduction). Let Γ be a group acting on a
uniformly locally finite simplicial complex X, π be a representation of Γ on a
Banach space E and 1≤ p <∞. Assume that
(1) LpH
n(X ,Γ,π)= 0,
(2) LpH
n+1(X ,Γ,π) is reduced.
Then there exists a constant ε= ε(Γ,X ,π,n, p)> 0, such that for every ε-deformation
ρ of π we have
LpH
n(X ,Γ,ρ)= 0.
Proof. We have the following diagrams, in which the top one is dual to the
bottom one:
16 URI BADER AND PIOTR W. NOWAK
(kerdnπ)
∗
Cn−1(p) (X ,Γ,E)
∗
(dn−1π )
∗
✛
Cn(p)(X ,Γ,E)
∗
✻✻
(kerdnρ )
∗
❄❄
(dn−1ρ )
∗
✛
kerdnπ
Cn−1(p) (X ,Γ,E)
dn−1π
✲
Cn(p)(X ,Γ,E)
❄
∩
kerdnρ
∪
✻
dn−1ρ
✲
We need to show that d∗ρ is bounded below. Recall that the space (kerdπ)
∗
is isometrically isomorphic with the quotient spaceCn
(p)
(X ,Γ,E)∗/Ann(kerdπ).
We need to consider several cases.
1) dn−1π is the zero map (e.g., when n = 0). Then LpHn(X ,Γ,π) = 0 if and
only if
kerdnπ = imdn−1π = 0.
If, additionally, imdπn is closed then d
n
π is bounded below and lemma 19 with
V =Cn
(p)
(X ,Γ,E) yields that dnπ is also bounded below. Consequently, kerd
n
ρ =
0, which implies LpH
n(X ,Γ,ρ)= 0.
2) dnπ is the zero map. (This happens, e.g., when the dimension of the
Eilenberg-MacLane space X for the group Γ is n). In this case (dnπ)
∗ is
bounded below on Cn
(p)
(X ,Γ,E)∗. By lemma 19, also (dnρ )
∗ is bounded below
on Cn
(p)
(X ,Γ,E)∗.
3) dnπ is not zero. Since the range of d
n
π is closed, we have
Ann(kerdnπ)= im(dnπ)∗.
For ρ, on the other hand, we only have a dense inclusion im(dnρ )
∗ ⊆Ann(kerdnρ ).
Since ρ is an ε-deformation of π and the range of (dnπ)
∗ is closed, there is a
constant η≥ 0, given by lemma 21, such that
im(dnπ)
∗ is η-close to im(dnρ )
∗.
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For the annihilators, this implies
Ann(kerdnπ)= im(dnπ)∗ is η-close to Ann(kerdnρ )= im(dnρ )∗.
We can now compare the operators (dnπ)
∗ and (dnρ )
∗. Indeed, since (dnπ)
∗
is bounded below on Cn
(p)
(X ,E)∗/Ann(kerdnπ), then the above and lemmas
25 and 24 yield that for sufficiently small ε ≥ 0, the operator (dnρ )∗ is also
bounded below on the quotient space (kerdnρ )
∗ =Cn
(p)
(X ,Γ,E)∗/Ann(kerdnρ ).
Finally, to compare the higher Kazhdan constants recall that
dnπ :C
n−1
(p) (X ,Γ,E)/kerd
n−1
π → kerdnπ
is an isomorphism, where κn−1(Γ,X , p,π) is the lower bound. Therefore its
adjoint,
(dnπ)
∗ : (kerdnπ)
∗→
(
Cn−1(p) (X ,Γ,E)/kerd
n−1
π
)∗
,
is also an isomorphism with the same lower bound. Proposition 24 allows to
estimate the lower bound on the operator
(dnρ )
∗ : (kerdnρ )
∗→
(
Cn−1(p) (X )/kerd
n−1
ρ
)∗
,
which we now know is an isomorphism, and the Kazhdan constant satisfies
κn−1(Γ,X , p,ρ)≥ κn−1(Γ,X , p,π)− c(Γ,X ,π,n,ε, p).

4.3. Proof in the Hilbert case. The following proof of Theorem 1 is specific
to representations on Hilbert spaces and uses the properties of the Laplacian.
It was provided to us by Roman Sauer.
Given a complex of Hilbert spaces,
. . . ✲ Cn−1
dn−1✲ Cn
dn✲ Cn+1 ✲ . . .
consider the Laplacian,
∆
n = dn−1(dn−1)∗+ (dn)∗(dn) :Cn→Cn
and recall that ∆n is a chain map. Additionally, d∗ is a chain homotopy be-
tween ∆n and 0, by definition of ∆n. These two facts imply that there is an
induced map ∆
n
on the cohomology Hn of the above chain complex, and that
∆
n = 0.
Theorem 28. Assume that Hn+1 is reduced. Then Hn = 0 if and only if ∆n is
invertible.
Proof. Assume that ∆n is invertible. Without loss of generality we can as-
sume that Hn+1 = 0, by considering the chain complex truncated to imdn,
which is a closed subspace of Cn+1, by assumption. Let x ∈ Cn be such that
dnx= 0 and take y ∈Cn satisfying ∆ny= x. We have
∆
ndny= dn∆ny= 0,
since ∆n is a chain map. Since ker∆n = 0, we conclude that dn y= 0.
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Now, since H
n = 0, we can choose a sequence {zi}, satisfying
dnzi→ y.
Observe that
dn(dn)∗dnzi→ dn(dn)∗ y.
However, on the other hand we have
∆
ndnzi = dn∆nzi = dn(dn)∗dnzi+dndn−1(dn−1)∗zi.
The last term vanishes and we obtain
dn(dn)∗dnzi→∆ny= x.
It follows that
x= dn
(
(dn)∗y
)
,
which implies vanishing of Hn.
To prove the converse assume Hn = 0 and argue to show that ∆n is invert-
ible. Denote Zn = kerdn and Bn = imdn−1. Assume that Hn+1 is reduced and
that Hn = 0. This means that Bn+1 is closed in Cn+1 and that Bn = Zn. In
particular, this implies that Bn is closed.
Consider the decompositions,
Cn−1 = Zn−1⊕ (Zn−1)⊥,
Cn = Zn⊕ (Zn)⊥ = Bn⊕ (Bn)⊥,
Cn+1 = Bn+1⊕ (Bn+1)⊥.
We have that (dn)∗dn restricted to Zn is the zero map. We claim that (dn)∗dn
is invertible on (Zn)⊥. Indeed, by the Open Mapping Theorem,
dn : (Zn)⊥→Bn+1
is an isomorphism. Since (dn)∗ restricted to Bn+1⊥ is 0, it follows that (dn)∗ :
Bn+1→ (Zn)⊥ is an isomorphism.
Now observe that (dn−1)(dn−1)∗ = 0 on (Bn)⊥. We claim that (dn−1)(dn−1)∗
restricted to Bn is invertible. Indeed, again by the Open Mapping Theorem,
dn−1 : (Zn−1)⊥ → Bn is an isomorphism and it follows that (dn−1)∗ : Bn →
(Zn−1)⊥ is an isomorphism. It follows that ∆n is invertible.
Applying the above argument to the cochain complex Cn
(2)
(X ,Γ,E) with a
given representation π yields the assertion. 
4.4. Assumptions on Hn+1 are essential. We will now show that the as-
sumption that Hn+1(Γ,π) being reduced is essential.
We will show this in degree 0 where cohomology is simply the subspace
of invariant vectors of the representation. The examples we have in mind
arise as representations without non-zero invariant vectors, but with almost
invariant vectors. However, we additionally want the almost invariant vec-
tors to arise as invariant vectors for deformations. An explicit example of this
type is exhibited below.
COHOMOLOGY OF DEFORMATIONS 19
Consider the infinite cyclic group Z. This group acts on L2(S
1), where the
circle S1 is viewed as the Pontraygin dual of Z. The representation of Z on
L2(S
1) is given by specifying the generator:
T f (z)= eiz f (z).
This representation does not have non-zero invariant vectors; that is, H0(Γ,π)=
0.
We will now show that for every ε > 0 there is an ε-deformation πε of π
for which H0(Γ,πε) does not vanish. Choose a neighborhoodU of positive but
sufficiently small measure around the identity in S1 and define
Tε f (z)=
{
T f (z) if z ∉U ,
f (z) if z ∈U .
Choosing the neighborhood U to have sufficiently small measure we ensure
that
‖T−Tε‖ ≤ ε,
which means that the representation πε generated by Tε is an ε-deformation
of π. On the other hand, πε has non-zero invariant vectors, as long as U has
positive measure. That is, H0(Z,πε) 6= 0, as claimed.
Note, that H1(Z,π) is not reduced. Indeed, if ρ is an ε-deformation of π and
ρ has an invariant vector v, then v is ε-invariant for π, in the sense that
‖πsv−v‖≤ ε.
Thus π has a sequence of almost invariant vectors but no non-zero invariant
vectors, i.e., the range of d0π is not closed.
5. FINAL REMARKS
5.1. Higher property (T) and reduced cohomology. By a cohomological
characterization of property (T) one usually means a theorem of Delorme and
Guichardet: Γ has property (T) if and only if H1(Γ,π) = 0 for every unitary
representation π. However, there is another way to formulate property (T) in
terms of cohomology, that fits very well with our setup.
Proposition 29. The following conditions are equivalent for a finitely gener-
ated group:
(1) Γ has property (T);
(2) for every unitary representation π, H1(Γ,π) is reduced.
Indeed, H0(Γ,π) consists of the π invariant vectors on the representation
space and the image of the first codifferential is closed precisely when there
are no almost invariant vectors. Thus the above proposition is a cohomolog-
ical reformulation of Kazhdan’s original definition. The Delorme-Guichardet
theorem states that H1(Γ,π) is reduced for every unitary π if and only if it
vanishes for every π.
A generalization property (T) to higher dimensions can now be done in two
ways. The first one amounts to requesting that Hn(Γ,π) vanishes for every
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unitary representation. Examples of groups satisfying such conditions for
n≥2 were discussed in [4,9,17]. The second route is via the following
Definition 30. Let Γ be a group of type Fn+1. We say that Γ has property (Tn )
if for every unitary representation π, Hn+1(Γ,π) is reduced.
Kazhdan’s property (T) is then property (T0). It is clear that, similarly as
in the classical case, the vanishing of Hn+1(Γ,π) for every unitary π trivially
implies property (Tn). We do not know if the converse is true. If the answer
is positive, such an equivalence would provide a higher-dimensional analog
of the Delorme-Guichardet theorem.
Interestingly, groups satisfying the conditions of Definition 30 fit perfectly
into our framework and for these groups the conditions of Theorem 1 are
automatically satisfied.
5.2. Weil’s local rigidity criterion. Let Γ be a finitely generated group
with a generating set S and let G be a Lie group. Consider the set of homo-
morphisms, Hom(Γ,G). A homomorphism ϕ ∈Hom(Γ,G) is said to be locally
rigid if there exists ε > 0 such that for any homomorphism ψ ∈ Hom(Γ,G)
satisfying
sup
s∈S
dG(ϕ(s),ψ(s))≤ ε,
there exists g ∈G such that
ψ(γ)= g−1ϕ(γ)g.
Weil [21,22] proved the following criterion for local rigidity.
Theorem 31 (A. Weil). For ϕ as above, if H1(Γ,Ad◦ϕ) = 0 then ϕ is locally
rigid.
Now we will apply Theorem 1. Consider a homomorphism ϕ ∈Hom(Γ,G)
and assume that the condition inWeil’s theorem is satisfied for ϕ: H1(Γ,Ad◦ϕ)=
0. Note that the representation Ad◦ϕ is a representation on the vector space
underlying the Lie algebraG. Since theG is finite dimensional, so isG and it
follows that H i(Γ,Ad◦ϕ) is reduced for all i. Therefore, by Theorem 1, there
exists a εϕ > 0, such that for any ψ ∈Hom(Γ,G), satisfying
sup
s∈S
dG(ϕ(s),ψ(s))≤ εϕ,
we have H1(Γ,Ad◦ψ)= 0.
Theorem 32. Let Γ, G be as above, where Γ is finitely presented. The set
W =
{
ϕ ∈Hom(Γ,G) : H1(Γ,Ad◦ϕ)= 0
}
is open in the uniform topology.
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5.3. Vanishing vs connectedness ofHom(Γ,U(H )). Consider nowHom(Γ,U(H )),
the space of homomorphisms from Γ into the unitary group of a Hilbert space
H . Theorem 1 yields the following consequence about the metric and topo-
logical structure of Hom(Γ,U(H )).
Throughout this section we assume that Γ is a group of type Fn and coho-
mological dimension n. We have a natural decomposition
Hom(Γ,U(H ))=NΓ,H ⊔VΓ,H ,
where
VΓ,H =
{
π ∈Hom(Γ,U(H )) : Hn(Γ,π)= 0
}
,
and
NΓ,H =
{
π ∈Hom(Γ,U(H )) : Hn(Γ,π) 6= 0
}
.
Proposition 33. The set NΓ,H is closed.
Proof. Let πn be a sequence of elements of NΓ,H converging to π∈Hom(Γ,U(H )).
If Hn(Γ,π)= 0 then, by Theorem 1, we would have Hn(Γ,πn)= 0 for πn for n
sufficiently large. 
The set VΓ,H is consequently open. However, under certain conditions
VΓ,H is also open. Let
κ
(
S,VΓ,H
)
= inf
π∈VΓ,H
κn(Γ,S,π).
Proposition 34. If κ(S,VΓ,H )> 0 then VΓ,H is closed.
Proof. Let πn ∈ VΓ,H and πn → π. By the previous estimate, if ρ is a ε-
deformation of πn for
ε< κn−1(Γ,S,π)
Kn−1
,
then Hn(Γ,ρ) = 0. Since the constant Kn−1 is independent of πn, by the as-
sumption on κ(S,VΓ,H ) we conclude that there exists n sufficiently large such
that π is an ε-deformation for
ε< κ(S,VΓ,H )
Kn−1
.

Recall that the Delorme-Guichardet theorem states that if the Kazhdan
constant of Γ is positive then H1(Γ,π)= 0 for every unitary representation π.
The following corollary can be regarded as a top-dimensional relative of the
Delorme-Guichardet theorem.
Theorem 35. Let Γ be such that κ(S,VΓ,U(H ))> 0. Then vanishing of Hn(Γ,π)
is stable on connected components of Hom(Γ,U(H )).
More precisely, let C ⊆Hom(Γ,U(H )) be a connected component. The fol-
lowing conditions are equivalent:
(1) Hn(Γ,π) vanishes for some π ∈C .
(2) Hn(Γ,π) vanishes for all π ∈C .
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